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CHAPTER 1
INTRODUCTICN

Electronic equipment and devices are interconnected by
cables or by traces on printed circuit (P. C.,) boards.
Since the overall cost, and thus space conservation, is a
high priority, these cables are formed into bundles, and
the traces on P, C., boards are placed as ¢lose to one
another as possible., This close proximity makes it impos~
sible to avoid some interference {(crosstalk) between these
cables or traces.,

Since crosstalk is unavoidable, the occurrence of
crosstalk is not the major concern. The problem is deter-
mining when the crosstalk is large enough to cause an
equipment malfunction. Also, since it is very expensive to
find and eliminate an interference problem once the manu-
facturing process is underway or finished, it would be a
great advantage to develop a method which will accurately
predict the crosstalk {interference). This would make it
possible to discever and correct any crosstalk problems
during the desiqn process, where the costs of modifications
are much less.

One method of predicting the crosstalk between cables
is by developing and solving the transmission line equa-
tions {1l)]. Figure 1l-1 shows an (n+l)=conductor, uniform
transmission line of total lengthl . (A uniform line is

one whose cross—-sectional configuration is constant for the
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entire lenyth of the line). A ax section of this line can
be represented as shown in Figure 1-2. The per-unit-length
inductances and capacitances are denoted by £ and ¢, re=-
spectively. It should be noted that the subscripts i and j
refer to which lines are involved. For example lii denotes
the self inductance of the i®Mline, while Cyy denotes the
mutual capacitance between the ithand jthlines. Losses in
the ithconductor are represented by the per-unit-length
resistance, ry, while losses between the jthline and the
reference line are denoted as 9y » the per~unit-=length
conductance.

The transmission line eguat:rons, which are derived
from this model of a ax section of line, in the limit as
AX + 0. are an exact representation of the line only for the
TEM (Transverse Electro~Magnetic) mode of propagation. For
only the TEM mode to be present, the transmission line of
Figure 1~1 must consist of perfect conductors, a homoge-
neous surrounding medium, and have electrically small
cross-sectional dimensions [1]. Therefore, in order for
only the TEM mode of propagation to be present, the per-
unit-length resistances, ri, in Figure 1-2 must be zero
(the conductors must be perfect). Since the medium is
assumed to be linear, isotropic, and homogeneous, it can be
described by p(permeability) and e (permittivity) [(1]. It
should be noted that an imperfect dielectric (medium) does
not preclude the possibility for the existence of only the

TEM mode of propagation. but it does complicate the problem
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somewhat (by the inclusion of a complex value for the
permiteivity (¢)), For simplicity, a perfect dielectric
will be assumed. This results in the per-unit-length c¢on~-
ductances, Gy being zeroc. These assumptions (TEM mode of
propagation and perfect dielectric) result in the exact
model of a aAx section of an n-conductor line shown in
Pigure 1~3, It should be noted that inclusion of good, but
not perfect conductors (small conductor losses) results in
what is called "guasi-TEM" mode propagation, where the
longitudinal fields are small but non-zero. These loss
terms, r,, can be included in the per-unit-length transmis-
sion line model (Figure 1-3), but the resulting model is no
longer exact,

The idea of deriving/solving the transmission line
equations, and then calculating the crosstalk between the
lines is a simple one in principal, but in practice this is
not always, the case. The derivation of the transmission
line equations may be lengthy for a large number of conduc-
tors, but it is reasonably straight forward, The solution
of these eguations, on the other hand, is sometimes far
from straight forward, For example, if conductor losses
are included, the solution involves calculating the eigen-
values and eigenvectors of an n x n matrix (recall that n
is the number of lines minus the reference conductor) at
each frequency of interest. Also, once the transmission
line equations have been solved, the calculation of the

actual crosstalk is not always an easy matter, For a large
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number of conductors, incorporation of the terminal (bound-
ary) conditions is possible, but is somewhat lengcthy, and
if nonlinear loads are present (such as transistors or
gates, for example) a closed form solution cannot be ob-
tained., Transient (time domain) analysis is also guite
cumbersome at best,

For these reasons, lterative lumped circuit models
have been used to represent transmission lines ([1-3].
These lumped models are directly suitable for use with
circuit analysis programs such as PCAP, SPICE, NCaPp,
SCEPTOR and ASTAP [4-8], with which most engineers are
already quite familiar. (This opens the analysis of trans-
mission lines, and crosstalk, to a larger number of ana-
lysts,) These codes eliminate the need for the solution of
the transmission line egqguations, and incorporation of the
terminal conditions is done directly. They also eliminate
the problem introduced by the most common nonlinear loads
{gates, line drivers etc.,) in either the frequency, or time
domain, because these circuit analysis codes model these
loads when the basic circuit elements of the load are
modeled (BJT's, FET's etc.).

The basic idea of an iterative lumped model ig a
simple one, Break up the total line length, L, into N
"electrically short" (L/XA<< 1, where ) is the wavelength
A=v/f, v = velocity of propagaticn and £ is the frequency
of excitation in Hz) sections, and model each of these

sections with one section of 2 particular lumped model., If




the line is "electrically short" one section of the lumped
model will produce accurate prediction results., They are
called {terative models, because the range of accurate
i prediction (in terms of electrical length (L/))) is in-
creased by &adding (cascading) more sections of that lumped
model,

Since we are attempting to model a transmission line
it only makes sense to choose & lumped model whose archi-
tecture is similar to that of the per-unit-length transmis-
sion line model shown in Figure 1-3, Figure 1l=4 shows cne
section of the four possible lumped mrodels (for the two=
conductor case) that will be discussed, in depth, in this
}: report. It should be noted that the names given to these
ki lumped models were chosen to match their architectures.,
For =xample, the BGAM and FGAM lumped models are the Back-
s ward GAMma and the Forward GAMma, respectively. The PI and
%i TEE lumped models were so named because they are shaped
Ei like an, or a T, respectively, Figure 1-5 shows the two-

conductor per-unit-length transmission line model, so that

the architectural similarities of the lumged models can be

seen, The structural similarities are the same for multi-

conductor lines, but the two-conductor case is used becausec

of its simplicity.

At present, the relationship between the number of

sections and the resulting accuracy is not known, Exactly

when a section is "electrically short" is also unknown, but

.................................................................................................

-------------------------------------
---------------------------
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there seems to be a general rule of thumb that one section
will yield accurate approximations until frequencies are
reached where the line length is in the vicinity of 1/20 to

1/10 of a wavelength. It is also unknown whether load

impedance values have any effect on the lumped model pre~
diction accuracy, or the number of sections needed to
obtain a desired prediction accuracy. These problems have

received only minimal attention [1,2,9].

In this report we compare the prediction accuracies of
the four lumped models shown in Figure 1-4 for various
numbers of sections and various values of load impedances

to the exact transmission line equation results for both

the two-conductor and three-conductor cases. It will be

Ei shown that one section of any of the four lumped models
will accurately model (within + 3dB) a transmisgsion 1line,
regardless of load impedance values, until frequencies are
Eﬁ reached where /X is approximately 1/10, It will also be
shown that the value of load impedance may significantly
affect the prediction accuracies of the lumped models for
g values of /) > 1/10 (where more than one section must be
,f used to accurately model the entire line). It will also be

shown that. any relationship between the desired prediction

accuracy and the number of sections required to obtain this

accuracy is difficult to obtain since the relationship

between the range of coverage (in terms of electrical
length) and the number of sections used is a nonlinear one.

Since the two-conductor case is much simpler than the

..............
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.......
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three-conductor one, it will be analyzed first. Therefore,
Chapter two contains the analytical development of the two-
conductor line, That is, the exact transmission line egua-
tions will be derived and solved, and the lumped model
results will be expressed in such & way as to make it
relatively simple to use any number of sections of a par-
ticular lumped model,.

Chapter three consists of the comparisons of the
corresponding prediction accuracies of the different lumped
models for the two-conducter case, Plots for various
numbers of sections and lcad impedance values are shown in
Appendices A and B,

The fourth chapter contains the analytical development
for the three~conductor line. The fifth chapter cowmpares
the corresponding three-conductor results in the same man=
ner as Chapter three compared the two-conductor results.
Plots of the three-conductor results for various numbers of

sections and load impedance values are shown in Appendices
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CHAPTER 2

Two-Conductor Analytical Development

Figure 2-1 shows a Ax Section of a lossless, uniform
two~-conductor transmission line in a homogeneous medium,
Since the TEM mode of propagation is assumed, this Ax
section of line can be modeled exactly as shown in Figure
1-5, The per-unit-length inductance and capacitance of the
line are denoted by £ and ¢, respectively, As stated
before, the assumption of a perfect dielectric results in
the per-unit-length corductance being zero,

The transmission line equations can be derived from
the model of a Ax section of line shown in Fiqure 1~5, The
sinusoidal, steady-state version of these transmission line

equations become, in the limit as ax + 0,

av (x)
- = =Jul I(x) (2-1a)
dx
and
dI(x)
e = =jucV(x). {(2-1b)
dx

These equations have solutions of the form

vix) = vre IBx 4 y-elBx (2-2a)
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5 1(x) = vredBx o g I6x (2-2b)
E Zc 4.

where v* and Vv~ are undetermined constants, g is the propa-
gation constant (B=w/v), v is the velocity of propagation

(v=1/Y ue), and ZC is the characteristic impedance of the

line (ZC=/Z7C).

E The values of the constants V' and V™ can be deter-
mined in terms of the "near” end voltage and current by
' letting x=0 in equations (2-2). The "far" end voltage and
current can be determined in terms of the "near" end volt-
age and current by letting x=L, and substituting the above
determined values of V' and V- into equations (2-2)., The

results are

V(L) = Cos(gL)V(0) - jZCSin(BL)I(O) (2-3a)
and %fi
I(1) = {-38in(gL)/2_}V(0) + Cos(gL)I(0). (2-3b) i
5, In matrix notation, these become i
4 o e
- v (L) v (0) 3
;: l = ﬂ (2-3C) N
e Il YTHENE rcoy] .
- where !1if:.i 

Cos (BL) -3%, Sin(gL)

-isin(8L)/2,  Cos(8L)

.........



. le6
¢ 2.4 2P
- Bruone (2-3e)
o 21 222
S
b is defined as the "“cbhain parameter matrix", and v(0), I(0), . .
" . . . ":
Fj V(L), I(L) are the "near" and "far" end voltages and cur- i:' *ij
. rents, respectively. ' .
Eﬁ o o |
‘ Figure 2-~2 shows a two-conductor line terminated with N
b

a load impedance of ZL’ and driven by a sinuscidal wvoltage

source , Vg, For simplification we assume that the voltage
é& source has zero internal impedance. Incorporation of the

terminal (boundary) conditions:

b v(0} = VS (2-4a)

and

o V(L) = 3, I(L) (2-4b)

along with the relation,g =2%/) (where ) is the wavelength,

xA=v/f) into egquations (2-3), yields the voltage transfer

ratio

V(L) z,
v 2185y P15/ ¢

Zy

ZLCos(2ﬁa) + 38in(2ma)

(2-5)

In this result z; is the ratio of load impedance to charac-
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teristic impedance (zL=zL/zC), and o« is the "electrical
length" of the line (a=[l/A). As stated before, because of
the TEM mode assumption, equation (2-5) is an exact result
for a lossless, two-conductor transmission line.

Now the lumped model approximation results must be ob-
tained so that a comparison between their predictions and
those of the exact transmission line result (egquation (2-
5)) can be performed. Figure 1-4 shows one section of the
four lumped models that have been chosen to model the
lossless, uniform, two-conductor transmission line, As was
discussed previously, these four lumped models were chosen
from the infinite number of possible ones, because of their
similarity to the transmission line model (shown in Figqure
1=-5),

Figure 2-3 shows several cascaded sections of a par-
ticvlar lumped model, Each section is identical, and the
"far" end voltages and curtents are related to the "near"
end voltages and currents by Q, the chain parameter matrix
(as defined in eguation (2-3c¢)). The chain parameter mat-
rix is especially useful in this case, because the overall
g ., 1is egqual to the product of the individual g's. That

T
is,

(2-6)
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when N identical sectlons are cascaded. This is important,
because once the g for one section of the lumped model
has been calculated, any number of sections may be cascaded
simply by performing N matrix multiplicatlons. It should
be noted that since each individual g 1s a function of N
(th2 number of sections being used) one cannot add one more
section by multiplying by the "old" Q one more time, That
is, any time the number of sections is changed a "new"
individual % must be determined (using N as the “"new"
number of sections being used).

For the BGAM lumped model

V([k+1] L/N) = V(kL/N) = Juwp(L/N)I(kL/N) (2-7a)

and

T((k+1] L/N) =-Fuc({ U/NIV(KL/N) + [l=yZec(1/NP] I(kL/N)(2-7b)

or,

1 -jZCZ-na/N
g

= (2-T7¢)
~BGAM

-j2ma/ (3, N) 1-(27a/N)2

where o i5 the electrical length (/). ZC is the charac-
teristic impedance of the line and N is the number of sec-
tions of the lumped model being used.

Similarly, it can be shown that




' 21

1 - (2 wo/N)2 - 32, 27ra/N]

Rrca = (2-8)

= j2ma/ (2 ,N) 1 J
e 1 - 2(na/N)> =32 2ma /N

Bor= (2-9)
r; j2n’(u/zc){(m/N)2- 1} 1 - 2(ra /NP
o
?: 2 , . 2
o 1= 2(m/M° 38,20 (a/N) {(ra/NP = 1}
g .= (2-10)

-j270 /(2 N) 1 - 2(ma/N)2

Figure 2-4 shows a two-conductor transmission line

{ represented as a two-port whose port voltages and currents
iﬁ are related by the overall chain parameter matrix %T'
:
}

Incorporation of the terminal conditions (eguations (2-4))

yields the transfer ratio

z_ AP
= LT (2~1la)

Vs 21 890 = P2

“? where A is t determi t o = -
ere 48, he determinant of @, (#=¢.,8 - ¢ .8 )

f& ] i3 the appropriate element in the overall g , and z
) iiT T L
is as previously defined (ZL/ZC)' It can be shown that

6@p= 1 for the four models under study (see Figure 1-4) for

''''''
DAL
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any number of sections, so the finel result becomes

i L (2-11b)

Vs Bron = i/

which is identical in form to the transmission line result
shown in equation (2-5).

This result was obtained in closed form for easy
comparison with the exact transmission line result shown in
equation (2-5), but the same numerical results could be
obtained by using a circuit analysis code to calculate the
"far" end voltage V(L)s It can be shown that the voltage
transfer ratio in equation (2-11lb) is only a function of
the impedance ratio z_ for all N. That is, the individual

L
values of zL and ZC have no significance,
For the purpose of comparing the lumped model approxi-
mation results to the exact transmission line result, an

errov function can be defined as

L) | Transmission
Line
Error(dB) = 20log |- s ,
|

!

Substituting equations (2-5) and (2-11) into equation (2-

(2-12)
Lumped
Model

12) yields
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o 2z - @ VA
i Error(de) = 20log,, [“1P21 = Pror | ] (2-13)
g |zLCos(2ﬂa) + jSin(Z"d)|

For the BGAM lumped model with N=1, the error becomes

|7, (1 = (1) 2} + 32me |
Error(dB) = 20109lo . (2-14)
lzLCOS(Zm) + jSin(Zna)l
When the line is electrically short, i.e. 2xa <<1,

Cos{2ma) = 1, and Sin(2ma) % 2na, equation (2-14) further

simplifies to

oy + 327
Error(ds) = 2010910 O —— (2-15)
‘z + j21m.,
L
& 0 .

It can be shown that the other lumped models depicted
in Figure 1-4 yield results that are only slightly differ-
ent from that shown in equation (2-14), and which are iden-
tical to that shown in eguation (2=15) (for an electrically
short 1line), These results show that all four of the
lumped models are exact as long as the line is electrically
short, and that no value of load impedance can be chosen to

cause a great change in the error. Thus, it appears that

one section of all four lumped models should yield approxi-
mately the same prediction accuracy until freguencies are

reached where the line is no longer electrically short. It

.....
e >

- .
.
- - Ly '\\ u L
PR TS ‘.... o St N e .‘1_. !_.
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should be realized that this equivalency was derived only
for one section, and that it will not necessarily hold for
values of N > 1.

In the next chapter, the transmission line results of
equation (2-5) will be compared to the predictions of

various sections of the lumped models for z 's of .0l

L

.\h '.I. .Q “.A 'lh ‘-‘ .
IS T T A I T A TN
L o W A W A
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CHAPTER 3

Two-~Conductor Results

In this chapter the predictions of the four lumped
models of interest are compared to the exact transmission
line results. Various mumbers of sections of the lumped
models are used with z;'s .01l (2;=.01%:;), 1 (%;=2:) and 100
(2;=1002Z,). The comparisons are in the form of plots of
the voltage transfer ratio magnitudes, and error functions
versus the electrical length. These plots are shown in
Appendices A an B,

Appendix A contains the comparisons of the exact
transmission line voltage transfer ratio to the predictions
of varjious sections of the lumped models, for the three
values of % discussed previously.

Figures A-1 thru A-3 compare the transmission line
result to the predictions of one section of the four lumped
models with zL's of .01, 1, and 100, Figures A-4 thru A-6,
A-7 thru A-9, A-10 thru A-12, and A-13 thru A-15 depict the
voltage transfer ratio comparisons with N=2, 3, 5, and 10
for three values of Y discussed previously.

Some interesting, and perhaps surprising, results were
obtained. but these are quite easily explained. Figures A~
l, A-4, A-7, A-10. and A-13 show that the predictions of
the BGAM, FGAM, and PI models are identical (over the range
of electrical length shown) for a z, of .01 (ZL='Olzc)’ or

a "small" load impedance) regardless of the number of sec-

PR ..
. e
1@
o oy
,
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tions used. The reason for this equivalency is readily
seen if several sections of the models of interest are
cascaded., For example, consider Figure 3-~1 in which four
sections of the lumped models are cascaded. Since the
source impedance is assumed to be zero, the leftmost capac-
itances in the FGAM and PI lumped models play no part, and
the riyhtmost capacitances in the BGAM and PI lumped models
are essentially eliminated by the "small" ZL' so that all
three of these lumped models reduce to the same circuit
(see Figure 3~2).

Two interesting results were obtained for zLﬁloo
(2,=1002.) as shown in Figure A-3, First, the FGAM lumped
model prediction is unity for the entire range of electri-
cal length shown. This, again, is easily understood if the
FGAM lumped model configuration shown in Figure 1-4(b) is
recalled. A "large" load impedance effectively eliminates
the series inductor, so that the output voltage is identi-
cal to the input voltage. The second, perhaps more inter-
esting result is that the PI and TEE lumped model predic-
tions are identical except for the peak amplitudes, and
that the BGAM lumped model prediction is simply a frequency
shifted version of the PI lumped model prediction, This can
also be explained by observing the effects of a "large"
load impedance on the appropriate lumped models shown in
Figure 1-4, 7The rightmost inductor in the TEE lumped model
is eliminated by the "large" load impedance, and the left-

since

most capacitor in the PI lumped model has no effect,
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the source impedance is zero. so that the PI and TEE model
are identical except for the values of capacitance and
inductance (see Figure 3-3), The resulting frequency re-
gponses for the PI and TEE model predictions are identical,
and the peak amplitude of the Tee lumped model prediction
is larger than that of the PI lumped model, It can be seen
that the effective PI lumped model for a "large" load
impedance shown in Figure 3-3(a) is the BGAM lumped model
with the value of the capacitance halved. Thereforer; the
BGAM lumped model prediction is the PI lumped model predic-
tion shifted in frequency.

It is also quite obvious that these "large" impedance
effects only appear when one section of the lumped models
are used, Consider Figure 3-4, which shows the effective
"large" load impedance lumped models when two sections of
the lumped models are cascaded. It is easily seen that the
BGAM, PI, and TEE lumped models are nc longer even similar
to ohe another, and that the FGAM lumped model will no
longer predict a voltage transfer ratio of unity. These
expectations are confirmed in Figures A-6, A~9, A-12 and A-
15 (N > 1 and zL=100L

Another important, but expected, result that can be
seen from the plots of Appendix A is that the range of
accuracy of the lumped models can be increased by adding
(cascading) more sections of that lumped model. That is,
the predicticn error is always reduced by adding another

section of a particular lumped model,

e
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Appendix B contains the error plots which compare the
Ci prediction accuracies of the four lumped models under test
using various numbers of sections, and zL's of ,01, 1, and
lb. 100. It should be recalled that the error function was

'l defined in equation (2-12) as

V(L) Transmission
VS Line
Error (dB) = 20109, —— . (3-1)
V(L) Lumped
T&' Model

Figure B-1 shows the prediction error of the BGAM
lumped model for 1, 2. 3, 5, and 10 sections with a zL of
+01l, Pigures B-2, B-3, and B-~4 show the prediction e:ror

for 1, 2, 3, 5, and 10 sections of the FGAM, PI and TEE

lumped models, respectively, with a Zy of .0l. Figures B=5
thru B-8, and B-9 thru B-12 show the same lumped models,
Fﬁ for the same number of sections, with zL‘s of 1 and 100,
3

respectively. From these Figures it is obvious that the

range of prediction accuracy does not increase linearly

with the addition of more sections, That is, doubling the
number of sections will not double the frequency range of
accuracy. It is also more obvious from the error plots of
Appendix B that the lumped model prediction error is indeed
decreased with the addition of more sections of that lumped
model,

Table 3-1 depicts the "upper limit" (in terms of elec-

trical length) of the four lumped models for zL's of .01, 1

.....................
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and 100. The "upper limit" is defined as the first point

where a +3dB prediction error occurs., From Table 3-1 it

can be seen that the value of load impedance has only

Py i

v
P
ro.
P

minimal effect on the prediction accuracy of the lumped

models when only ohe section is used to represent the

entire line, and that one sectionh of any of the lumped

models yields "good" approximationg (within +3dB of the
transmission line results) until frequencies are reached
where the line length is approximately 1/10 of a wave-

length.

Ppints (N=1

3dB Prediction Error

Model ZL = L,01 1 = ] ZL = 100

BGAM 2,20E-1 2.00E-1 1] 1,05E~1

FGAM 2.20E-1 1,60E~1 | 1,25E~1

Py 2.20E-1 2.25E~1}| 2,00E~-1

. TEE 2225E-1 2225E~1 1 2,00E-1
. Table 3-1

The Figures of Appendix B also show that the value of

load impedance may cause a signiflicant effect on the pre-

diction accuracy of the lumped models for values of N > 1,

's of .01l and 1

For example, consider the PI model with zL

;ﬁ (Figures B-3 and B-7). The effect of the load impedance

value on the prediction accuracy for two sections is negli-

gible, but for N > 3 the "upper limit" variation is quite

- gsignificant, For five sections, for example, the "upper

fﬁl limit" for the PI lumped model with zL=.Ol is approximately
.5, but the "upper limit" for a ﬁJof 1l !matched case) is

beyond 1 (past the point where the line length equals a
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wavelength),

S0, L1f a transmission line is to be modeled for fre=-

quencies where the line length is approximately 1/10 of a

R
i e}

-

i wavelength or less, one gsection of any of the four lumped
models shown in Figure 1-4 may be used and the prediction
accuracy should be within +3dB of the actual transmission

line result, regardless of the load impedance. If a trans=-

mission line model is needed for operating frequencies such

that L/XA is greater than 1/10, then more than one section

P N 1
AR,

must be used. It is difficult to choose the number of
sections that should be used to accurately model the trans-
mission line for these fregquencies, because, the range of
accuracy is not increased linearly with the addition of
more sections. In addition, the load impedance value may
then plays a significant role in the prediction accuracy of
a particular lumped model.

Nevertheless, some general rules regarding lumped model
prediction accuracy can be obtained. For "small"™ and

"matched" load impedances, for example, one may use a FGAM,

or BGAM lumped model since they are the simplest (with
regard to the number of elements) and yield approximately
the same prediction accuracy as the PI and TEE lumped
models. For "large" load impedances the PI and TEE lumped
models could be used, because their predictions converge to
those of the transmission line model result with a fewer
number of sections, These general rules of thumb may help

decide which lumped model should be used, but there is
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still no satisfactory way to estimate how many sections are
needed to yvield a given accuracy for frequencies where (/)
is greater than approximately 1/10,

The "upper limit" of the lumped model predictions has
been defined as the first occurrence of a prediction error
of £3dB. It was defined in this manner so that a maximum
electrical length could be noted such that any (/) less
than this value would guarantee a prediction error of less
than +3dB. However, this does not mean that once this
value is exceeded, the prediction error will always be

above +3dB., It can be seen in the Figures of Appendix B

that this is not the case. The error does increase after
the "upper limit" has been reached, but it then decreases
to less than +3dB in some cases., This means that there is
another band of frequencies where the lumped model predic-

tions are accurate. In fact, there are some cases where

two such bands exist (see Figures B~9 thru B-12, where z,
=100)., It appears that locating these prediction error
minimums is a problem which should be examined further,
They appear to offer a special case solution to the problemn
of accurately predicting the response of a transmission
line operating at frequencies such that L/x is well in
excess of 1/10 with a small number of sections,

However, the "upper limit" of the lumped models is of
prime importance, because of the great number of digital

circuit applications. In digital circuitry pulses are used

instead of single frequency waveforms, so that the wave-

T g N
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forms may have significant frequency components from DC
(0Hz) to frequencies such that the line length is a signif-
icant portion of a wavelength, In cases such as thisg an
adequate lumped model would have to predict all (or at
least a great majority) of the effects of the significant
freguency components., Therefore, the "upper limit" of the
lumped model predictions must be matched to the maximum
significant frequency component of the input pulse waveform
to yield accurate prediction results,

For the convenience of the reader the major points of
this chapter are restated below.

It was shown that:

l. The range of accuracy of the four lumped models
under test can be increased (the prediction error dec-
reased) by adding more sections of that lumped model. But
this range of accuracy does not increase in a linear
fashion,

2, One section of any of the four lumped models of
interest will yield accurate prediction results (within
+3dB of the exact transmission line result) for fregquencies
such that L/) is approximately 1/10, or less, regardless of
the load impedance value.

3. Load impedance values may significantly effect the
prediction accuracy of a lumped model when more than one
section of that lumped model must be used.

4, When more than one section of a lumped model must

be used there is no satisfactory method to estimate the
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number of sections required to yield accurate prediction
results,

5. There appear to be some general rules that could
help in the selection of a lumped model:

A, For "small" and "matched" loads the BGAM, or
FGAM lumped models should yield predictions as accurate as
the PI or TEE lumped models, but the effort of solution
should be reduced, because of their architectural sim-
plicity.

B, For "large" impedance loads a PI or TEE
lumped model should be used, because their prediction ac-
curacy is increased by a significantly smaller number of
sections,

6, There are "high frequency" bands of low
prediction error (high prediction accuracy) which may be
well above the "upper limit" of the particular lumped model
being used.,

In the next chapter the methods shown in Chapter 2
will be extended to a more useful and interesting case,

namely crosstalk on a three-conductor transmission line,
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CHAPTER 4

Three-Conductor Crosstalk Analytical Development

Figure 4-1 shows a Ax section of a lossless, uniform,
three-~conductor transmission line in a homogeneous medium.
Again, since the TEM mode of propagation is assumed, this
AX section of line can be modeled exactly, as shown in
Figure 4-2. The subscripts R and G refer to the receptor
and generator lines, respectively, and the per-unit-length
inductance and capacitance, are denoted by £ and ¢, respec-
tively. It should also be noted that a subscript of m
refers to either the mutual per-unit-length inductance or
capacitance of the line. For example, LR refers to the
per-unit-length self-inductance of the receptor line, while
¢, refers to the per-unit-length mutual capacitance between
the lines. Again, since the line is assumed to be loss-
less, the per-unit-length resistance, r, is zero, and the
per-unit-conductance, g, is zero.

The transmission line egquations can be derived from
the model of a Ax section shown in Figure 4-2, and the
sinusoidal steady-state version of these equations become,

in the limit as ax -0 [10]

dVG(x) ‘ _
a = ~Ju£GIG(X) - Jm£mIR(x) (4-1a)
avy(x)
= =jul I.(x) - Jul, I (x) (4=1b)

dx
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":;‘:. dIG(x) . .
'1_ ™ = -julcy+ cm)vc(x) + j(quVR(X) (4-1c)
E; dIp(x)
5 —_— jwcmVG(x) - jw(cR + c )Vp(x), (4-1d)

. dx

The solution of these equations can be written in
f.. terms of the chain parameter matrix, as
vl
[sm)] . [yw)] )
ot () “TINE1(o0)
o
where 'VG(L)’ IG(L)i
SZ(L)=V() I = "
L L) L)
R ' R ' (4-3a)
[V (0)7] I.(0)7
yeo) = | ¢ 1(0) = ¢
_VR(O)-. IR(O)-p
and
Cos(8L)L -jvsin(gl) L
B LnE B (4-3b)
—jvSin(gL)g Cos(sL); .
E is the identity matrix,

,Ib.. and g are the per-unit-length inductance and capacitance

matrices, respectively,




-------------

and 8, L, and v are as previously defined (10]. It should
also be noted, that since a homogeneous medium is assumed k
and ¢ are related by [1]
LC = uel = I/v2 (4=5)
N V) A"
Figure 4-3 shows a terminated three-conductor
transmission line, with the generator line being driven by

an ideal, sinusoidal voltage source, VS. The terminal

conditions are

¥(0) =¥, - 2 1(0) (4-6a)

V(L) = 2, I(1L) (4-6b)
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The subscripts 0 and L in eguations (4~7) denote the near
and far end of the line, respectively, while the G and R
denote the line of interest, as previously defined. i.a.
ZOR is the impedance terminating the "near" end of the
receptor line. Incorporation of these terminal conditions

into equations (4~2) and (4-3), and solving for the cros-

stalk voltage transfer ratios yields [10]

D v (0) = §Sin(2ra )X, {Cos(2ma) + jFSin(2na))
- R h , (4-8a)

VS DEN

VR(L.) = jSin(Z'ﬁa)KML (4-8b)

.................................

................................
.............................

.................................



46
E Xuo = Kopg (1 + apeaip )/ (Fyo Dy Bpp Bgp )y (4-9b)

Dgy = Cosi2m) - BSin{2ma) + Aj{Cos(2ma) +5in(2ma)} (4-94)
and qis again defined as, L/x.

Equations (4~8) are a modified version of the results
given in [10], and are written in this form to yield an

easily computed value of the crosstalk between cables in a

RRTILAS « WO

three-conductor transmission line, while at the same time
attempting to minimize the amount of input data. As ohe
might expect, this results in a large number of new vari-
ables that must must now be defined to yield a complete
understanding of the three-conductor results shown in equa-
tions (4-8),

First, 2 and ZC

CG R
the generator line in the presence of the receptor line,

are the characteristic impedance of

and the characteristic impedance of the receptor line in

the presence of the generator line, respectively, and are

defined by the following relations:

[n3
1t

G /iic/(cG F cmj (4-10a)

and

o3
u

CR /KR/(CR + Cmf (4-10b)

1 and 1. are the time constants of the receptor and “;’*W;'"

generator circuits, respectively, and are defined as :

- . 1 v e T » L) - a ' a
L L LN N LY N e I
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q L + (¢ + c VL2 2
P‘ TR - _LR R m OR LR (4"113)
and
2L + (¢, +c L2, .2
g = 6 ¢ m__ 06 L6 | (4-11b)
ZOG + ch ZOG + ZLG
E} To simplify these two eguations somewhat, it is useful to
define the quantities
“or = Zor /Zcr ! Or = Yr/%r !

GOG’-" ZOG /ZCG' O.LG = LG/uCG .

This results in

[+ 3
. = OR"LR ° (4-13a)

[»4
__te (4-13b)

The coupling cceficient between the receptor and generator

lines is denoted as k, and is defined as

k = £m//ZGIR= cm//ﬁlc e Tle F . (4-14)

Two equations further relating the self inductance of the
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respective lines to their characteristic impedances can be

dencted as

bog = v!;G./l--k2 (4-15a)
and
ZCR = VLR/lakZ. (4-15b)

Some further simplifying quantities c¢an be defined as

B = /1R, (4-16)
D, = m v (4-17)
Mp % agp * oo (4-18)

Bepy = 1+ dord LR (4-19)

A
b dessiaals | i
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; Now equations (4-8) are completely defined.
) It should be noted that if zu;=zm{=q£ =zuz=z, and

T Beg =%¢p "%c+ then the three-conductor results shown in equa-
I tions (4-8) become a function of the ratio of Z/ZC, and do
l not depend on the individual values of Z and Zo. It should
be pointed out that this is no' true in general; e.g., if

g} the characteristic impedances of both lines are not identi-~

cal, and/or the load impedances are not eqnual.

Now that the exact three-conductor result has been
ﬁ4 obtained, the lumped madel results wmust be found. Since we
| are interested in calculating results for several Jifferent
} nunmbers of cections we will, again, calculate the chain
éﬁ parameter matrix for one section of each lumped model, and
% simply perform N matrix multiplications to obtain the
X overall c¢hain parameter matrix (for N identical sections of

that lumped model). But, due to the large number of

equations, incorporation of the terminal conditions is much
" more involved than it was for the two-conductor casz, so
L that a closed form solutien for the crosstalk voltage

;- transfer functions will not be obtained for the lumped

model representations,

Figure 4-4 shows the three-conductor versions of the
four lumped models that we have been analvzing., The chain
parameter matrices can be derived from these circuita and,

for the BGAM lumped model
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- v (L) (0) I.(0)
i P45« o] mfy] o
i V(L) v, (0) I,(0)
“i and
Y 1 (L) (0) I (0)
& [ G ] ==ju(L/N) € [?G ] + {l-msz/(vN)z}[ G ] (4-25b)
| I (L) v_(0) I (0)
R R R

or,

- X “Ju(l/ML

» d = (4-25c)
. ABGAM

- ~ju(l/N) g {1 =e?l7 (v 2}

;».‘

Since wl=2rva, and ¢ = %Tyvzthe chain parameter matrix for

one section of the BGAM lumped model becomes

I ~32rv (o/N)L
Bocan = (4-26)
~j2w(a/Nv)k_1 {1 - 4ﬂ2(u/N>2}£

Similarly,

r{1-4w2(a/N)2}£ =32nvla/N) L
(4-27)

=
i

VFGAM
—jzw(u/vN)g'l

el ]

(1-2x2(e/N) 231 “327v(a/ML ]
~ ~
@ = (4-28)

~j2n(a/vN) (L-1 2 (a/M 2L (L=2n2(a/W)2)

-
Y
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{1-2n2(a/m2}£ ~42 79 (a/N) (1~1r2(a/N)2£:
Bope = (4-29)
~j2r (a/vN) ™2 (1-2x2(a/M 211

Figure 4-5 shows a three-conductor transmission line
represented by an overall chain parameter matrix, QT. Re-

call that the terminal conditions are
y(L) = ZLI(L) (4-30a)
N
and

o) = ¥og = %ol(o)o (4-30b)

and, from the definition of the overall chain parameter

matrix,

y(L) = Qllz(o) + QlZI(O) (4=30c)
&nd

(L) =g, u(0) + ¢, 1(0). (4-304)

The lumped model crosstalk predictions can be obtained by
solving these four equations (equations (4-30)).

Since it can be shown explicitly that the transmission
line result is a function of Z/ZC for the special case of
Zog =ZCG =ZC, ZOG =ZLG =ZOR =ZLR =2, all that needs to be
shown to prove that the lumped model results are a function

and

of z/ZC for the same special case, is to show that the

chailn parameter matrix of each of the lumped models for any

o I RIS

.y .
WK PN
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value of N has the same form as the chain parameter matrix
of the transmission line model (see equaticn (4-3b)).

If it is remembered that %=k‘9v% for the case of
interest, it is easily seen that the lumped model g's shown
in equations (4=-26) thru (4-29) are of the same form as the
transmission line %, for N =1, It can also be shown that
the lumped model Q's have this same general form for all N,
Therefore, for the special case previously discussed, the
lumped model results are a function of Z/ZC. That is, the
individual values of Z and ZC have no significance,

Once again, an error function can be defined as

V(X)| Transmission
‘V;“ Line

Error(dB) = 201og10 - (4-31)
V(X) Lumped

VS Model

for the purpose of comparing prediction accuracies of the
lumped models, Here, X represents the "near" (0) or the
"far" () end crostalk, respectively,

The next chapter will investigate the prediction
accuracy of the three-conductor lvumped models of interest,
discuss the advantages and disadvantages of the different
lumped models, and show the effects of the value of load

impedance on the accuracy of the lumped model predictions.
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CHAPTER 5

Three-Conductor Results

In this chapter the crosstalk predictions of the four
lumped models are compared to the exact crosstalk results
for the three-conductor case., The results are plots, which
are of the same general form as the two-conductor results
described in Chapter 3, and are shown in Appendices C, D,
E, and F, These results were obtained using a coupling
coefficient, k, of .1753. a characteristic impedance, Zc'

of 271,1, and assuming the special case of Lo =2 =%,

G CR C

and Log =Z1¢ =bgg =ILig =%, SO that the resulting transfer
ratios are a function of Z/ZC. It should be noted that the
values of k and zc specified above correspond to two #20
guage wires 2c¢cm above a ground plane with the wires separ-
ated by 2¢m, Toward the end of the chapter, a general
oG %ZLG
be shown that this general example yielded approximately

example (Z #ZOR#ZUt) will be shown, It will also
the same qualitative results as the special case mentioned
above,

Appendix C contains the comparison of the exact three-
conductor line "near" end crosstalk voltage transfer ratio
to the predicted crosstalk voltage transfer ratios of
several sections (N=1, 2, 3, 5, and 10) of the four lumped
models for values of Z/ZC of .01 (z=.01ZC), 1 (Z=ZC) and
100 (Z=lOOZC). For example, Figure C-1 compares the exact

transmission line result to the predictions of one section

DAY EURE P Y
—tle el L L
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of the four lumped models with a Z/ZC of .01,

Appendix D contains the comparisons of the "far" end
crosstalk for the same values of N as above, with values of
Z/ZC of .01 and 100, For example, Figure D-2 compares the
exact transwmission line result to the predictions of one
section of the four lumped models with a z/zC of 100. The
comparisons for one section of the four lumped models with
a Z/ZC of 1 are shown in Figures 5-1 (BGAM and FGAM predic-
tions), and 5-2 (PI and TEE predictions). These two
figures were included for the sake of completeness, since
the exact "far" end crosstalk for the matched case (Z/ZC=1)
is identically zero. It can be seen from these two figures
that the BGAM and FGAM lumped model predictions are much

more accurate than the PI or TEE lumped model predictions.

Appendix E contains the "near" end crosstalk error
plots for N=1, 2, 3, 5, and 10 with values of Z/zC of .01,
ﬁi 1, and 100, It should be remembered that the "near" end

- error function is defined as

Line
Error(dB) = 20log {5~1)
10 | Lumped

l I Transmission

Model

For instance, Figure E-3 is a plot 0f the PI lumped model
prediction error for N=1, 2, 3, 5, and 10 with a Z/ZC of
.01,
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Appendix F contains the plots of the corresponding

=~ SR

p AT

-

*far" end error function,

V(L) Transmission
vS

TATE, f e

~ Line

N Error(dB) = 2010<310 ( ' 3 (5=-2)
vi{L) Lumpe
' VS l Model

for N=1, 2, 3, 5, and 10 with values of z/zC of .01 and 100
(the error function is undefined for the matched case,
because the exact transmission line result is identicully
zero), For example Figure F-6 shows the FGAM lumped model
prediction error for N=1, 2, 3, 5, and 10 with a Z/zC of
100.

Some interesting results can be seen in Appendices C-

F, but since the three-conductor line lumped model circuits

are much more complicated than was the case for the two-
conductor 1line, these "interesting” results will merely be
pointed out. No attempt will be made to explain the causes

for these "interesting" results, Tables 5-1 and 5-2 show

the cases of interest. along with the figures in which they

are displayed. It should be noted that an equal sign

implies equality only over the range of L/A shown in the

accompanying fiqures.

Figures Near End Crosstalk Models
E-4 and E-11 TEE(2/%,=.01) = PI(%/3,=100)
E-1 and E-10 BGAM(2/2=.01) = FGAM(2%7 =100)
E-2 and E-4 FGAM(Z/Z-=.01) = BGAM(Z/Z =100)
E-5 and E-6 BGAM(z9zC=1) ~ FGAM(Z/% =1)
E-7 and E-8 PI(2/%7,=1) = TEE(Z/ZC%l)
E-3 and E-12 PI(2/%,=.01) = TEE(2/2_=100)
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Figure Far End Crosstalk Models
F-4 and F=7 TEE(2/%c=.01) = PI(Z/%2:=100)
F-l'2'3 and BGAM=FGAM=PI(Z/ZC=.OE) =
F-5,6,8 BGAM=FGAM=TEE(Z/% =100)
Table 5-2

Again, a +3dB error point can be defined as the "upper
limit" of the lumped model predictions. That is, the value
of L/x which results in the first occurrence of a +3dB
error is defined as the "upper limit" of that particular
lumped model. Table 5-3 shows the "upper limit" for one
section of the four lumped models for values of Z/ZC of
.01, 1, and 100. From Table 5-3 it can be seen :hat the
value of z/zC has little effect on the "upper limit" of the
"near" end lumped model predictions, and very nearly no
effect on the "far" end prediction accuracy. It can also
be seen that one section of any of the four lumped models
will yield predictions that are within +#3dB of the exact
three-conductor transmission line result for frequencies
such that (/A is 1/10 or less, recardless of the value of
Z/ZC. From the figures shown in Appendices C-F it can be
seen that the lumped model prediction accuracy is increased
nonlinearly with the addition of more sections of that
lumped model, That is, the error is always reduced when
another section of the Jumped model is added, but the range
of accuracy is not increased linearly, i.e, if one section
is accurate up to L/ =1/10, then two sections will not be

accurate up to L/x =1/5. These gualitative results are the
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same as the results obtained for the two-conductor line
(Chapter 3). But, the general rules for choosing a lumped
model for operating freguencies such that L/)X is larger
than 1/10 seem to be somewhat different. For a "small" or
"large” load impedance it seems that the PI and TEE lumped
models yield the best overall results ("near" and "far” end
crosstalk predictions), while the BGAM and FGAM lumped
models yield much more accurate predictions for the matched
case.

3dB Error Point (N=1)
Near End Far End

[Pl"a'o el 2/%.=.0L] &/%,=1 [2/2,=100] 2/2,=.01 2/12,=100

e e —r—r—y

BGAM 1,40E-1 4,25E-1}1,00BE-1 2.20E-1 2,20E-1
GAM 1.00E-1 4,25E-1]1, 40E-1 2.20E~-1 2,20E~1
I 1,75E-1 2,65E-1]|2.10E-1 2,20E-1 2,20E-1
EE 2,10E-1 2,65E-1]1,75E-1 2.20E-1 2.20E-1

Tabhle 5-3

What has been shown for the three~conductor case ap-
plies only to the special case of mm =%G =zm{=ZLR=Z.
Figure 5-3 and 5-4 show the voltage transfer ratio results
for the general case of Zm3=00, Zu:=100kﬂ' Zm{=509, and
ZLR=ln (the coupling coefficient, k, is .1753 and the
characteristic impedance of the lines, 2 and ZCR’ are

CG
271.1). These values were chosen, hetause the model used
in [11] had an "uvpper liwmit"™ of approximately [/x=1/1000
when they were used, It can be seen in Figures 5-3 and 5-
4, that the "upper limit" of one section of any of the four

lumped models is only slightly less than L/x=1/10. This

leads one to believe that the special case results obtained
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from the plots shown in Appendices C-F may apply to the
more general cases, l.e., ZOG#ZLG’!ZOR "ZLR'

So, ic appears that the general results obtained for
the two=conductor lumped models also apply to the general
three-conductor lumped models. That is, one section of any
of the four lumped models yield accurate results until
frequencies are reached where LS\ is approximately 1/10 or
less, and that the prediction error of the lumped models is
reduced with the addition of more sections of that lumped
model, but at the same time, the range of prediction accur~-

acy is not increased in a linear fashion.
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Chapter 6

N,
I Summary and Conclusions

In this report the voltage transfer ratio predictions

i of the BGAM, FGAM, PI, and TEE lumped iterative models were
£ compared to the exact, transmission line equation results,
ﬁ for various values of load impedances, and several differ-
i ent numbers of sections, for the two and three-conductor

cases. The lines were assumed to be uniform, lossless, and
immersed in a homogeneous medium,

It was found that, for both cases, one section of any
of the four lumped models mentioned above will yield pre-

diction accuracies within +3dB of the exact transmission

line result for an L/)x of approximately 1/10 or less,
regardless of the load impedance value. It was also shown
» that the lumped models prediction error was reduced with
i the addition of more sections of a particular lumped mcdel.
But, the range of accurate predictions (in terms of elec~-
trical length) did not increase in a linear fashion., It
was also found that the value of load impedance may signi-
ficantly effect the lumped models prediction accuracies

when L/A is > 1/10 (where more than one section of a lumped

model must be used to yield accurate prediction results).
Since the relation between the number of sections of a

particular lumped model, and the resulting prediction

accuracy (in terms of electrical length) is a nonlinear one

e
it is difficult to find a satisfactory method of predicting TR T T
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the number of sections that must be used to yield a desired
prediction accuracy (when the operating frequency is such,
that L/X is > 1/10), This problem is made even more
complex by the fact that the load impedance value may play
a significant role in the lumped models prediction
accuracy.

However, it was found that there were some general
rules that should help in the selection of the "best"
limped model, depending on the value of load impedance
present., For the two~conductor case the "wise" choices
appear to be the BGAM or FGAM lumped models for a "small"
or "matched" load impedance (when compared t¢ the charac~-
teristic impedance of the line), and the PI or TEE lumped
models for a "large" load impedance. For the three-
conductor case, which is of much more interest, the "wise"
choices appear to be the PI or TEE lumped models for a
"large" or "small" load impedance and the BGAM or FGAM
lumpaed models for the "matched" casna,

These general rules and the fact that one section of
any of the lumped models will yield accurate predictions
for frequencies such that L/) i81/10 or less will undoubt~
edly prove somewhat useful in the prediction of crosstalk
(interference) problems, but they are somewhat limited in
scope., So, further work still needs to be performed in
this area A reasonable method for estimating the number
of sections, of a particular lumped model, needed to vield

a given prediction accuracy must be found for lumped itera-

- - LU WY
-l TR SR

.. .
st e
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tive transmission line modeling to be truly effective. The
multifrequency (pulse) input waveform case also heeds to be
examined further. This report briefly discussed the more
obvious problems involved when a pulse input wave form
(such as a trapazoidal pulse used in digital applications)
is used, But. the general properties discussed previously,
were found only for the single frequency case, and may not
prove to be very useful for the multifrequency case, Be-
cause the relationship between the frequency domain and the
time dowain 1s not at all c¢lear,

Therefore, this paper should only be considered as a
first step in the investigation of lumped model approxima=-

tions of transmission lines,
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